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I Abstract. We state a conjectural relationship between the fermionic form [HK0TY]| 

and the Betti numbers of a Grassmannian over a preprojective algebra or, equiva- 
lently, of a lagrangian quiver variety. 

(N ■ 
<. 

1. Notation. We fix a graph of type ADE with set of vertices /. Let -E be a 
rH ! R- vector space with a basis {ai)i^i and a positive definite symmetric bihnear form 

I (, ) : i? X i? — > R given by (a^, ai) = 2, (a^, aj) = —1 if z, j are joined in the graph, 

(ai, aj) = if z 7^ J are not joined in the graph. Let {wi)i^i be the basis of E 
defined by (ta^, aj) = Sij. For ^ E E define in R by 

o . ^ . 

m : Let P = G e z Wi e /}, p+ = g G N Vz G /}. Let p 

^ I J2i £ -P^- We consider the usual partial order on P: 
O ' 

: ^ < ^' ^ z^' - G N for all i. 

For i E I define Si : E ^ E hj Si{^) = ^ — (^,0^)0;^. Let be the (finite) 
subgroup of GL{E) generated by {si\i G /}. Let Z[P] be the group ring of P with 
obvious basis ([^])56P. For ^ G P"*" define G Z[P] by Weyl's formula 

X" 

S ; Yl det{w)[w{C + p)] = V^Y1 detH[«;(p)]. 

wew wew 

2. The fermionic form [HKOTY]. Let q be an indeterminate. For p, m G N 
define 



p + m 
m 



^qP+l _ l)(gP+2 _ 1) . . . ^qP+m _ 12 ^ ^^^^ 



{q-l){q^-l)...{q---l) 

Let = {z^^*"* G N|z G /, /c > 1) where all but finitely many z^^*-* are zero. Let 
A G P+. In [HKOTY, 4.3] a "fermionic form" M(zy, A, g) (or M{W,X,q) in the 
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notation of loc.cit.) is attached to v^X. This is a qf-analogue of an expression 
which first appeared in Kirillov and Reshetikhin [KR]. For q = 1 ii conjecturally 
gives the multiphcities in certain representations of an affine quantum group when 
restricted to the ordinary quantum group. In [Kl], Kleber rewrites the formula 
of [KR] in the form of a computationally efficient algorithm. (In his paper, it is 

assumed that one of the v)^ is 1 and the other s are but, as he pointed out to 
me, the same procedure works in general for q= 1.) 
In the remainder of this note we assume that 

v^^^ = for i e /, A; > 2. 

In this case we identify v with the element of P'^ such that V = for all i. By 
definition. 



(a) 



{m} ie7;fe>l 



Pk 



m 



(i) 



c({m}) = i^Yl ™(^'0 



k.i>i 



-EE 

iel k>l 

Aj) 



(0 

k ' 



v — ^^(Q:j,Q!j) min(A;, Z)mp , 
j&i l>i 



where the sum is taken over {m^'^ eN|ze/,/c>l} satisfying > for 



i e I,k > 1 and 



iel k>l 



for i E I. We rewrite this by extending the method of [Kl] to the g-analogue; we 
obtain 



(b) 



u! iel;k>l 



if^k 



sum over all sequences u in P+ of the form 

U = (jJo >(jJi > (jiJ2 > • ■ ■ >(jJs = CiJa+1 = <^s+2 

such that 

COq — U>i > UJi — U>2 ^ ^2 — ^3 ^ ■ ■ ■ 



X 



that is. 



l^k — ^k-1 ~ 2wfc + Wfe+i > for A; > 1, /x^ = for A; ^ 0, 
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and 

k>l 

where 

Xk = ojk-i - ojk for A; > 1. 

The connection between (a) and (b) is as foUows: in terms of the data in (a) we 
have 

i i 

Since jik — X^ — Xk+i for /c > 1, we have for i, j e /: 

min(/c, /)m^'^m[^-* = ^ min(/c, - iXk+i){jXi - jXi+i) 

k,l>l k,l>l 

= ^ T^i^n{k,l){iXk{jXi) - iXk+i{jXi) - iXkijXi+i) + iXk+i{jXi+i)) 

k,l>l 

= (min(A;, I) — min(/s — 1,1) — min(A;, I — 1) + min(A; — 1,1 — l))iXk{jXi) 

k,l>l 

= iXkijXk), 
k>l 

^ Vm^^^ = ^ VGXfc - iXk+i) = MiiXi), 

k>l k>l 

hence c({m}) = c{u). 

The foUowing result is stated without proof in [HKOTY] . 

Lemma 3. M{u, X, q) e N[q-^]. 

Let uj be as in Sec. 2. The product of q'-binomial coefficients in the term corre- 
sponding to a; is a polynomial in q of degree 

N = ^ ''(^kiifJ'k) = ^{^^k,fJ'k) 

i€l;k>l k>l 

= - Xi - X2 Xk, Xk - Xk+i) = {ly, Xi) - ^(Xfc, Xk). 

fc>i fc>i 

It is enough to show that c(a;) + N <0. We have 

c{u;) + N=-^J2(^k,Xk) 

k>l 

and this is clearly < 0. 
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Lemma 4. Let ^ e P"*" and let r] E P be such that r] >0. Then ry) > 0. 
This is obvious. 

Lemma 5. If > X then M{y, A, q) = g~(''''')/2+(^.-^)/2_|_ strictly larger powers of 

Let u> be as in Sec. 2. We show that 

(a) c{uj)>-{iy,iy)/2 + {X,X)/2 
that is, 

^ J2{Xk,Xk) - {l^,X^) - - A, - A) + {1^,1^- A) > 0. 

fe>i 

Since u — X = Xi + X2 + + . . . , this is equivalent to 

(b) {u,X2+X3 + ...)- Y,i^k,Xi)>0. 

l<k<l 

Applying Lemma 4to ^ = v — Xi — X2 — ■ -^fc+i = <^fe+i) V = ^fe+i) we obtain 

{u — Xi — X2 — • ■ ■ — Xk+i, Xk+i) > 0. 
Adding these inequalities over all /c > 1 we obtain 

^(1/ - Xi - X2 Xk - Xk+i, Xk+i) > 0, 

fc>i 

that is, 

{u,X2 + Xs + ...)- Yl {Xk,Xi)>J2iXk,Xk)>0. 

l<k<l>l k>2 

Thus, (b) hence (a) are proved. This proof shows also that the inequality (a) is 
strict unless cu satisfies X2 = X^ = ■ ■ ■ = 0. If this last condition is satisfied then 
u> is the sequence u — > — — ■ ■ ■ — X and (a) is an equality. The lemma 
is proved. 

6. Inversion. Define M*(z/, A, q) G Z[g~^] for any u, X E by the requirement 

that the matrix {M*{u, A, q))^,x is inverse to the matrix {M{u, A, q))n,\ (which is 

lower triangular with 1 on diagonal). Thus, M*{u, u,q) = 1 and X]AeP+ A, q)M{X, ^, q) | 

for any u > ^ in P^ . There is some evidence that the matrix M* is simpler than 

M. For example, in type Ai, we have 

M.(..A,i) = (-i).<^-.C^+;(:-^)) 

for any > A in P'^. 
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7. Path algebra. Let I be the set of all sequences ^l,^2,...,^s (with s > 1) 
in / such that ik,ik+i are joined for any k e [1, s — 1]. Let T be the C- vector 
space spanned by elements [ii, ^2, • • • , is] corresponding to the various elements of 
I. We regard J-' as an algebra in which the product [ii, i2, . . . , is][ii,i2, • • • , is'] 
is equal to [ii, ^2, . . . , is,j2, ■ ■ ■ , js'] if is = ji and is zero, otherwise. For i ^ I, 
let -di — '^j[iji] where j runs over the elements of / that are joined with i. For 
i,j & I let be the subspace of T spanned by the elements ^2, ■ ■ ■ ,is] with 
ii = i,is = j- For w e Z let J-"^ be the subspace of spanned by the elements 
[ii,i2, ....is] with 5 = ^ + 1. (For w < we have JT" = 0.) Let JF^- = JT^- n JT". 
We have 

-r _ m . . 77. . -r- _ m -r-M -r _ m . . -ZTM 

Let X be the two-sided ideal of JF generated by the elements di {i G /). The 
quotient algebra P = J-'/X has finite dimension over C [GP]. Let Pjj,P",P^- be 
the image of Tij^T'^^ in P. We have 

P — ffi. .p.. P — (IN P'i P_flN. . pu 

Let D a finite dimensional C-vector with a given direct sum decomposition D = 
©ie/Dj. Then Dt = ©^jP^^- O Dj is a left P-module in an obvious way (in fact a 
projective P-module of finite dimension over C). Let i/ = J^^^j dimDjCCJj e P+. 
Let Grassp(Dt) be the algebraic variety consisting of all P-submodules of D'''. We 
have a partition 

Grassp(D^) = U^epGrassp,^(D+) 

where Grassp^^(D''') consists of all P-submodules V such that dim.{[i]'D'^)/[i]V)ai 
u-^. Then 

Conjecture A. Let q^^^ be an indeterminate. For any ^ E P we have 

(a) dimiy^(Grassp,^(Dt))g^/2 = (^ : Vx)q^'''''^^^-^^'^^/^M{u,X,q) 

seN xeP+ 

where (^ : V\) is the coefficient in ^ in Vx and H^{) denotes ordinary cohomology 
with coefficients in a field. 

Since (^ : Vx) and (^,^) are T4^-invariant in ^, we see that the right hand side 
of (a) is VF-invariant in ^. The analogous property of the left hand side of (a) is 
known to be true. (See [L2].) 

In [LI] it is shown that Grassp,5(D^) is isomorphic to a (lagrangian) quiver 
variety defined in Nakajima [NA] and, conversely, all such quiver varieties are 
obtained. Thus the conjecture above gives at the same time the Betti numbers of 
quiver varieties. 

Assuming the conjecture, we show that Grassp,^(D^) is connected if (^ : Vi,) ^ 
(an expected but not yet proved property of quiver varieties). We may assume 
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that ^ e , ^ < z^. It suffices to show that dimiy°(Grassp^5(D^)) = 1 or that the 
constant term of 

\eP+ 

is 1. By Lemma 5, the constant term of the term corresponding to A = ^ is 1. 
Consider now the term corresponding to A ^ ^; we show that its constant term 
is 0. We may assume that A < and : V\) ^ ^ so that ^ < A. By Lemma 5, 
q{v,v)/2-{U)/'2M{v, A, q) is of the form 

^{u,u)/2-{U)mq-MnHK\)n + strictly larger powers of q. 

Since (^,0 < (A, A) for any A, ^ in P"*" such that ^ < A, our assertion is established. 

The same argument shows that the right hand side of (a) is in N[g]. 

Assuming again that ^ e P'^ show that the polynomial in q given by 

the right hand side of (a) has degree s = (z/, z/)/2— $,)/2. The term corresponding 
to A = z/ is : V;y)g* where : Vi,) > 0. Consider now the term corresponding 
to X u. We may assume that A < z^. It suffices to show that in this case 
M(z/, A, q) e q~^Z[q~^]. This follows from the proof of Lemma 3. Our assertion is 
established. Note that this is compatible with the conjecture since the dimension 
of Grassp,^(D''') is known to be equal to (u, z/)/2 — (^,^)/2. 

In the Ai case, the left hand side of (a) is a g-binomial coefficient; the right 
hand side can be computed by results in [Ki],[KSS]; the conjecture holds in this 
case. 

8. The conjecture implies that 

(a) x(Grassp(Dt))= ^ dim{Vx)M{u, X,l) 

\eP+ 

where x denotes Euler characteristic and dim(VA) = Xl^ep(^ ■ ^a)' /l'^) 
(resp. g{i^)) be the left (rcsp. right) hand side of (a). According to [HKOTY], 
it is expected that g{i' + v') = g{v)g{y') for any e P+. The corresponding 
identity f{v + v') = f{v)f{v') is known [L3, 3.20]. 

9. We can partition / into two disjoint subsets /°,/^ so that no two vertices in 
1° are joined and no two vertices in are joined. For any m e Z let 

"Dt = ,^.,,(P-.©P^-1)®D, 

where 5 G {0, 1} is defined hy u — 5 mod 2. We have = ©^^^^D^. Consider 
the C*-action t,d\-^ td on D''' with weight u on '^D'''. This action is compatible 
with the P-module structure in the following sense: t{pd) = {tp){td) for t G 
C*,p G P,(i G where tp is given by the C*-action on P (through algebra 
automorphisms) for which P^ has weight u. Hence we have an induced C*-action 
on Grassp,g(D^) for any ^. Let GrasSp^(D^) be the fixed point set of this C*- 
action (a smooth variety). It consists of all V G Grassp^g(D^) such that V = 

®^(vn«Dt). 
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Conjecture B. For any E P we have 

^dimiy^(Grassi,,^(Dt)y/2= ^ :Vx)M{i.,X,q-'). 
seN xep+ 

One can show that this is equivalent to Conjecture A. 

I wish to thank M. Kleber and A. SchiUing for useful discussions. 
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